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Abstract. The purpose of this article is to study the uniqueness problem 
for meromorphic mappings from C n into the complex projective space P JV (C). 
By making using of the method of dealing with multiple values due to L. 
Yang and the technique of Dethloff-Quang-Tan respectively, we obtain two 
general uniqueness theorems which improve and extend some known results of 
meromorphic mappings sharing hyperplanes in general position. 



1. Introduction and main results 

For a nonconstant meromorphic function / on C™ and a G P 1 (C), we denote by 
Vf~ a the map from C into Z whose value Vf- a (z) is the multiplicity of the zero of 
/ — a at z. 

In 1926, R. Nevanlinna [9j proved the well-known five- value theorem that for two 
nonconstant meromorphic functions / and g on the complex plane C, if they have 
the same inverse images (ignoring multiplicities) for five distinct values in P 1 (C), 
then f(z) = g{z). We know that the number five of distinct values in Nevanlinna's 
five-value theorem cannot be reduced to four. For example, f(z) = e z and g(z) = 
e~ z share four values 0, 1, — 1, oo (ignoring multiplicities), but f(z) ^ g(z). There 
have been several improvements of Nevanlinna's five- value theorem. H. X. Yi (|14). 
Theorem 3.15) adopted the method of dealing with multiple values due to L. Yang 
[13] and obtained a uniqueness theorem of meromorphic functions of one variable. 
Later, Hu, Li and Yang extended this result to meromorphic functions in several 
variables (see Theorem 3.9 in [8]). 

Theorem 1.1. flS], Theorem 3.9) Let f and g be two nonconstant meromorphic 
functions on C", let a,j (j — 1,2, ... ,q) be q distinct complex elements in P 1 (C) 
and take rrij € Z + U {oo} (J — 1,2,..., q) satisfying mi > TO2 > ■ ■ ■ > m q and 
"' „ , m = ^ g -a j; < mj (? = 1,2, . . . , q). If EU ^+1 > 2 ' then = 9{z). 

Over the last few decades, there have been several generalizations of Nevanlinna's 
five- value theorem to the case of meromorphic mappings from C™ into the complex 
projective space P 7V (C). Some of the first results concerning this research are due 
to Fujimoto 

For a meromorphic mapping / from C™ into P JV (C) and a hyperplane H in 
P JV (C), we denote by the map from C into Z whose value Vrf ;H \{z) (z e C n ) 

is the intersection multiplicity of the images of / and H at f{z). Let Hi, H2, . . ■ , 
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H q be q hyperplanes in general position such that dimf~ 1 (Hi n Hj) < n — 2 for 
i 7^ j. Take d,rrij be positive integers or oo. Consider the set J r < mj (f,{Hj} g =1 ,d) 
of all linearly non-degenerate meromorphic mappings g : C™ — > P N (C) satisfying 
the conditions: 

( a ) I/ (/ ) H ? ) 1 < mj — V (g.Hj),<m 3 i 

(b) /(z) = 5 (z) on Uj =1 {z e C"|0 < < m,}. 
For brevity we will omit the notation < rrij if rrij = oo. 

Fujimoto [7] proved that if q > 3N + 2, then jJJ"(/, {-Hj}| =1 , oo) = 1. In 
1983, Smiley |11) obtained an improvement with truncated number one that if q > 
3-/V+2, then jJ.F(/, {iTj}| =1 , 1) = 1. Later, Thai and Quang [12] considered a smaller 
number 9 and proved that if N > 2 and q > 3N + 1, then {iTj)j =1 , 1) = 1. 

In 0], Dethloff and Tan considered the case g > 2A*" + 3 and obtained that if 
q > 2N + 3, then ^F(f, {Hj} q J=1 ,N) = 1. Recently, Chen and Yan [2] improved the 
above results and obtained that if q > 2N + 3, then jtF(/, {-Hj}' = i, 1) = 1- 

Considering multiple values, there are some theorems. The following result is 
Theorem 0.1 in [1 for the special case of linearly non-degenerate meromorphic 
mappings. 

Theorem 1.2. [1 Let f and g be two linearly non-degenerate meromorphic map- 
pings of C™ into V N (C) , and let Hi , H2 , ■ • ■ , H q be q hyperplanes in general position 
such that dimf~ 1 (Hi fl Hj) < n — 2 for i =^ j. Take rrij (J = 1, 2, . . . , q) be positive 
integers or 00 such that mi > m2 > • • • > m q > N, 

v {f,H :S ),<m j = U {g,H j ),<m j (j = 1 ' 2 ' • • • ) ?)> 
and f(z) = g(z) on U q J=i {z € C"|0 < V{JiHj) < rrij}. If 

rrij Nq - q + N + 1 mi m 2 
4-i m 1 + 1 iV mi + 1 m 2 + 1 ' 

i/ien /(» ee g(z). 

Remark that condition (JTJ) implies q > 37V + 2. In 2006, Dethloff and Tan [5] 
obtained the following result for a smaller q. 

Theorem 1.3. [5] If N > 7, then (tF< m (/, {-Hjlfff 1 , 1) = 1, where to > 6iV + 
32 + ^. //4>iV>6, then flJ< m (/, {flj}f=i, 2) = 1, where to > 6Y+ 17 + ^3. 

The main purpose of this paper is to consider the multiple values and uniqueness 
problem of meromorphic mappings. By making use of the method of dealing with 
multiple values due to L. Yang [13], we obtain the first main result below. 

Theorem 1.4. Let f and g be two linearly non-degenerate meromorphic mappings 
of C" into V N (C), and let Hi, H2, H q be q hyperplanes in general position 
such that dimf~ 1 (Hi n Hj) < n — 2 for i ^ j. Take rrij(J = 1, 2, . . . , q) be positive 
integers or 00 such that mi > TO2 > • • • > m q > N, 

u {f,H j ),<m j = V {g,H j ),<m j U = 2 ' ■ ■ ■ i ?)> 
and f(z) = <?(z) on U? =1 {z £ C"|0 < i/^^j < to,}. // 

Nq-q + N + l , Ar ^ 1 

TO„ + 1 

J=3 



(2) E _^ > ^™v ±i _ (w _ 1) 



TO! + 1 TO2 
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then f(z) = g(z). 

Obviously, Theorem II .41 is an improvement of Theorem II .21 For the case N = 1, 
the condition © reduces to £? =3 > 2 - Th us Theorem O is an extension 

of Theorem 11.11 Furthermore, we immediately get the following corollaries from 
which we see that Theorem II .41 is an improvement of Smiley 's 3N + 2 hyperplanes 
uniqueness theorem |llj . 

Corollary 1.1. Ifq>3N + 2, then fcF< m (f, {-Hj}j = i, 1) = 1, where m > N- 1 + 

N(N+1) 
q-3N-l ' 

Corollary 1.2. tJJ r < m (/, {Hj} 3 ^ 2 , 1) = 1, where m > N 2 + 2N — 1. 

Considering a smaller o than 37V + 2, we have another main theorem by using 
the technique shown in [21 131 II] ■ 

Theorem 1.5. Let f and g be two linearly non-degenerate meromorphic mappings 
of C n into F N (C), and let Hi, H2, ■ ■ ■ , H q be q (q > 2N) hyperplanes in general 
position such that dimf~ l {Hi l~l Hj) < n — 2 for i ^ j. Take rrij(j = 1, 2, . . . , q) be 
positive integers or 00 such that mi > m,2 > • • • > m q > N, 

v \j,H ] ),< m] = V{g,H ] ),<m ] U = 1 , 2 : • • • J 

and /(z) = ,g(z) on U? =1 {z G C"|0 < v U m 3 ) < rrij}. If 

( 3 ) V TO ^ > + 47V -4 / 1 1 \ 

U ^ m, + 1 TV o + 2N - 2 Ui + 1 m 2 + 1 / ' 

3=3 

i/ien /(z) ee g(z). 

Thus we obtain immediately the following corollaries which improve the above- 
mentioned uniqueness theorems for meromorphic mappings sharing hyperplanes in 
general position HQ HI [5J Hj . 

Corollary 1.3. Ifq>2N + 3, then tU r < m (/, {Hj} q j=v 1) = 1, where 
(N - l)q 2 + (27V 2 - N + 3)q + 2N 2 - 2 



m > 



{q + N-l)(q-2N-2) 



Corollary 1.4. £F< m (f, {Hj}™+ 3 , 1) = 1, where m > ^+un--2 



3N+2 

■"' v_ 1 "i > - 1 -< h ere m > 15n2 ~ 2N + 3 



Corollary 1.5. J/JV > 2, then $F< m (f, {Hj}™? , 1) = 1, wh, „ , _,, 

Corollary 1.6. If N > 3, then fcF< m (f, {Hj} 3 ^, 1) = 1, where m > ^^iff^g" 2 

/ 3 -18W 2 + 17 
(4!V-2)(JV-3) 



Corollary 1.7. ///V > 4, tfien (jJ r < ro (/, {ffj} -ff \ 1) = 1, where m > 15N ~ 1SN + 17N ~ e 



The last corollary is a supplement of Corollary 11.21 
Corollary 1.8. p?< m (f, {Hj} 3 ^ 2 , 1) = 1, where m > ™n*+6N-i 



4JV+1 



For the case N = 1, the condition © reduces to J^|=3 f^+i > 2+^ mi 1 +1 



m 2 + l 

Thus compared with the conditions of Theorems 11.11 and 11.41 there maybe exist a 
better lower estimate than condition (j3j) in Theorem II .51 
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2. Preliminaries 

We set ||z|| = (£" =1 \ Zj \ 2 )i for z = {z u . . . , z n ) e C n . For r > 0, define B(r) = 
{z e C" : ||z|| < r}, 5(r) = {z G C" : ||z|| = r}, d c = ^ttv^TT 1 ^ - d), 
v = (d^llzll 2 )™- 1 and a = d c log ||z|| 2 A (dd°\\z\\ 2 ) n - 1 . 

Let ft, be a nonzero entire function on C". For a € C™, we can write h as = 
Sm=o Pm{z — a), where the term P m {z) is either identically zero or a homogeneous 
polynomial of degree m. The number Vh(a) := min{m : P m ^ 0} is said to be the 
zero-multiplicity of h at a. Set suppvh '■= {z G C n : Vh{z) ^ 0}. 

Let 93 be a nonzero meromorphic function on C n . For each o € C", we choose 
nonzero holomorphic functions 990 and </?i on a neighborhood U of a such that 
</9 = ^ on [/ and dim((^Q 1 n (0)) < n— 2, and we define v v := i/ Vo , ^ := 
which are independent of choices of fa and ip\. 

Let / be a nonconstant meromorphic mapping of C n into P N (C). We can choose 
holomorphic functions /o, /1, . . . , /at on C" such that If := {z e C™ : fo{z) — 
■ ■ ■ = /n(z) = 0} is of dimension at most n — 2 and f = (fo ■ • • • ■ /jv)- Usually, 
(/o : ' ' ' : In) is a reduces representation of /. The characteristic function of / is 
defined by 

T(r,f)= [ Iog||/|k- / log||/||a (r > 1), 

JS(r) JS(1) 

where ||/|| = EjLo l/?'| 2 )^- Note that T(r, f) is independent of the choice of the 
reduced representation of /. 

For a hyperplane H = {(x : • • • : Xn) e P JV (C) : a x + ■ ■ • + ajvxjv = 0}, we say 
that (f,H) is free if (f,H) = J2f =Q ajfj ^ 0- Under the assumption that (f,H) is 
free, (/, H) is a nonzero holomorphic function and the proximity function of / and 
H is defined by 

where = (X^=o l a i I ) 2 ■ The proximity function of a meromorphic function 
ip on C™ is defined by m{r,ip) — j' s ^\og + \(fi\a, where log + x = max{logx,0} for 
a;>0. 

Let k,M be positive integers or +00. For a divisor v on C™. We define the 
counting functions of v as follows. Set 

if v(z) > k; 



v M {z) =mm{v(z),M}, 




-{ 


0, 

u M (z), 


= { 


0, 

v M (z), 


if 
if 


v(z) < k; 
v(z) > k. 



and 

n(t) 



Lu PP vnB(t) v ( z ) v > if«>2; 
Y,\z\<t v ( z )i ifn = l. 



Similarly, we define n M (t), n> k (t) and n< k (t). We define 
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Similarly, we define N(r, f M ), N(r, v< k ) and N(r, v> k ) and denote them by N M (r, v) 
N< k (r,v) and N£f k (r,v), respectively. 

For a meromorphic function (p on C™, we denote by 

N v {r) = N(r, v v ), N™(r) = N M (r, v v \ 

KM r ) = N <^ K!>k(r) = N§,(r, v v ). 

For brevity we will omit the superscript M if M = oo. 

For a closed subset A of a purely (n — l)-dimensional analytic subset of C n , we 
define 



and 



»(AnB(()), ifn = l, 



N\r,A) = £?0dt (r>l). 

The First Main Theorem is that 

r(r,/) = JV (/iH) (r)+m /l K(r) + 0(l). 

As usual, by the notation "||P" we mean the assertion P holds for all r > 1 
excluding a set of finite Lebcsgue measure. 

Theorem 2.1. (Second Main Theorem) Let f be a linearly non- degenerate mero- 
morphic mapping from C n into P N (C) cmri Pi , . . . , H q be q hyperplanes in general 
position. Then 

\\(q-N- l)T(r, /) < £ JV ( %,)(r) + o(T(r, /)). 

For two distinct hyperplanes Pi and P2, we have 

Lemma 2.1. [TO] T(r, < T(r, /) + 0(1). 

The following lemma is proved by using the method of dealing with multiple 
values due to L. Yang [13] . see also Lemma 4.7 in [12 . 

Lemma 2.2. Let f be a linearly non- degenerate meromorphic mapping from C™ 
intoP N (C), H be a hyperplane in general position, andk(> N) be a positive integer. 
Then 

Nft iB) (r) < ^(l-^)A^< fc (r) + ^AWr); 



and 

N^ H) (r) < N(l-^)Nl fM ^ k (r) + 1 ^T(rJ) + o(T(rJ)). 
Proof. From 



*Cf,H)(r) = ^,H),<fc(r) + N[l Hh > k+1 (r) 

and 



TING-BIN CAO AND HONG-XUN YI 



we deduce that 

N N 

This completes the proof of the first inequality of the lemma. The second inequality 
of the lemma follows immediately because of N(f,H) ( r ) < T(r, f) + o (T(r, /)) . □ 



3. Proof of Theorem 11.41 
Suppose that f(z) ^ g(z). By the Second Main Theorem, we have 

||(g-JV-l)T(r) < tf^iW+^jWj+otTW), 
i=i 

where T(r) = T(r, f) + T(r, g). By Lemma Q we have 

+ ^—T(r)+o(T(r)). 
rrij + 1 

Therefore, we have 

||(g-JV-l)T(r) < ^E(l-^^)(^(U),<™ J W + A r (U),<™ J W) 
+Nj2^—T(r)+o(T(r)). 
Noting that mi > m.2 > • • • > fn q > N, we have 

_ _ v (7 _ _ ^ 



- 1 1 

< U—Z. 

V mi -1 

_ / N 

\m 2 + l 

/ N N 
y m 2 + 1 m-i + 



< 



mTTi) ^o.<-« + E (i - ^t) ^,,< m< (r) 

3=2 

mTTl) N lf^Sr) + £ (l - "taW') 

3=1 

"\)r(r,/) + g(l-^)^).< By « + 0(l). 
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The same is true for g instead of /. Hence, we can deduce that 
\\(q-N-l)T(r) 

< N 2 



ni2 

N 



-— r - -^—) T(r) + NJ2 -^-T T (r) 
+ 1 mi + 1 J r— i mj + 1 

3=1 

1 ) E (^/.^).<^ M + ^(W^ W) + o (T(r)) . 



+N [ 1 

777,9 4- 1 / 

3=1 

Since vt fiHj ),< mj = 'jg.Bi),^ and /( z ) = 9{z) on U« =1 {z e C"|0 < v {ftHj ) < 
rrij}, we have 
i 

E (^(W<*y W + to) ^ 2iV /- 9 ( r ) ^ 27 » + 

Hence, we can deduce that 



f^E — 



" r " x - l]T{n - 1 ■ v >.:r^-r + - > - v - v2 (-^T + -^Vi ) I T "'' 



+o(T(r)). 

Noting that q = m J +i i we can obtain from the above inequality that 



Em, Nq — q + N + 1 , , / 1 1 \ i . 
1 * — 1Z __ + (jv - 1) + T(r < o(T(r)). 



4. Proof of Theorem 11.5 



3=3 

This is a contradiction 



For brevity we denote T(r, /) +T(r, g) by T(r). Suppose that f(z) ^ Then 
by changing indices, if necessary, we may assume that 

(/,g 2 ) (/,g fcl ) (/,g fcl+ i) qgfa) 

(9,-ffi) ( 5 ,g 2 )" (g,H kl ) W (g,H kl+1 ) (g,H k2 ) 

V / ^ ^ 

group 1 group 2 

(f,H kt _ 1+1 ) _ _(J,H k .) 



(9,H ka _ 1+ i) {g,H k 



group s 

where fc s = g. Then the number of elements of every group is at most N because 

The map a : {1, 2, . . . , q} — !• {1, 2, . . . , q} is defined by 

i + JV, if i + iV < q; 
i + N - q, ii i + N > q. 



a(i) = 



Obviously, a is bijective. Since q > 2N, - i\ > N. Thus, and 

belongs to distinct group, and so ^ . 

We here use the technique in [3], see also [21 H]- Set Pj := (f,Hi)(g,H (T ^) — 
(f,H a (i))(g,Hi) ^ 0, where 1 < i < q. By the assumption and the definition of 
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function Pi we get that for k G {i,cr(i)} and any zq e {z € |1 < ^(/,_ff fc ) < m-h} 
(= {z e |1 < V( g ,H k ) < 2 o is a zero of Pi with 

^ft(zo) > min{i/ (/ ^ fc) (z ),^ (g ^ fc) (z )} 

outside an analytic set of codimension > 2. On the other hand, since H ^ <mk = 

V lg,H k ),<m k WC have 

We also get that for any j <E {1, 2, . . . , q} \ {i, <j(i)}, any zero of (/, Hj) is also a 
zero of Pi outside an analytic set of codimension > 2. Thus we have 

- Nv (S,H i ),<m i ~ Nu tf,H^ i) ),< m ^ i) + E V \s.H 3 ),< m] 

outside an analytic set of codimension > 2. Hence, for all i G {1, 2, . . . , q} we have 

,H i ),<m i { r ) + N (f.H cj{l) ).<m < , {l) ( r ) +^,H i ),<m i ( r ) + N (g,H^),<m a{i) ( r ) 
-^^(/,H i ),< mi M - NN b,H aW ),< maW M + E ^(W^ (0- 

On the other hand, by Jensen's formula we have 
N Pi (r) = f log\Pi\a + 0(l) 

Js(r) 

< I \og(\{f,Hi)f + \{f,H a{l) )\^a 

Js(r) 

+ f log(|( 5 ,^)| 2 + l(5,^ W )| 2 )^ + 0(l) 

Js(r) 

< T{r) + 0{1). 
Therefore, for all i € {1,2, ... ,q} we have 

T(r) + 0(1) 

-NN{ LH ^ mt (r) NNl LH ^ m ^(r) + £ *(W<m,(r). 

Note that ct is bijective. Take summation of the above inequality over 1 < i < q, 
we have 

(q - 2N - 2) ]T A^.),< ro3 . (r) + 2 ]T (^ )i<mj (0 + ^ )l<mj (r)) 
< gT(r) + 0(l). 
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By a similar discussion for g instead of /, we have 

(q 2N 2) ]T A^,),< ro , (r)+2j2 (^oU),< m , M + ^),<^ ( r )) 
i=i i=i 
< qT(r) + 0(l). 

Noting that jfNfj H ^ <TO .( r ) ^ ^(f h ) <m ( r )' we § et f rom tnc above inequalities 
that 

g + 2^ 2 E ("uU),<m, M + W>) ^ + 0(1)- 

By the Second Main Theorem, we get 

Q 



(q-N-l)T(r) < J2(N^ Hi) ^ mi (r)+N^ Hi) ^ mi (r)) 

i=l 

(r))+o(T(r)). 

i=l 

Therefore, removing the term J2i=i (j^(f Hi) <m % ( r ) + H t ) <m % ( r )) fr° m tne 
above inequalities we have 

'{q + 2N -2)(q- N -1) 



q + 2N-2 



2N 
q 



q T(r) 



E K, ffj ),> m;+ iM +^),>™ j+ iM) +°(T(r)). 

Noting that 



2iV 



< 



%Hj),>mi+l( r ) + N (g,H j ),>m j +l( r ) 

m N +1 (^f^^mj+iir) + N {g}H .^> m . +1 (r)) 



-J 

< 



mj +1 OWr) + < + o(T(r)), 

we get from the above inequality that 

Noting that q — Ylj=i ^TTT' we can obtain from the above inequality that 

* jra^_ Nq-q + N+l AN 4 _ / 1 _J_\ \ 

+ 1 AT 9 + 2iV-2 \ mi + 1 m 2 + I J V ' 

< o(T(r)). 
This is a contradiction. 
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